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Abstract 

In this paper, we study the complex Landsberg spaces and some 
of their important subclasses. The tools of this study are: the Chern- 
Finsler, Berwald and Rund complex linear connections. We introduce 
and characterize the class of generalized Berwald and complex Lands- 
berg spaces. The intersection of these spaces gives the so called G— 
Landsberg class. This last class contains two other kinds of complex 
Finsler spaces: strong Landsberg and G— Kahler spaces. We prove 
that the class of G— Kahler spaces coincides with complex Berwald 
spaces, in [2]'s sense, and it is a subclass of the strong Landsberg 
spaces. Some special complex Finsler spaces with (a, 0) - metrics of- 
fer examples of generalized Berwald spaces. Complex Randers spaces 
with generalized Berwald and weakly Kahler properties are complex 
Berwald spaces. 
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1 Introduction 

The real Landsberg spaces, in particular the real Berwald spaces, have been 
a major subject of study for many people over the years. In 1926 L. Berwald 
introduced a special class of Finsler spaces which took his name in 1964. 
It is known that a real Finsler space is called a Berwald space if the local 
coefficients of the Berwald connection depend only on position coordinates. 
An equivalent condition to this is that the Cartan tensor field is h— parallel to 
the Berwald connection, i.e. CV,fc ;r = 0, where here ';' means the horizontal 
covariant derivative with respect to Berwald connection. In 1934 Cartan 
emphasized two weak points of the Berwald connection. One is that it is 
not metrical. Moreover = —2Cijk-o and therefore if CV^o = 0, then it 
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becomes metrical. However, such a space was called Landsberg by L. Berwald 
in 1928. 

Many great contributions to the geometry of the real Landsberg and 
Berwald spaces are due to Z. Szabo |26j, M. Matsumoto [20], P. Antonelli 
[TJ, A. Bejancu [9], Z. Shen [21]. Every Berwald space is a Landsberg space. 
The converse, has been a long-standing problem, [T7J [271 H3] • 

Part of the general themes from real Finsler geometry about Landsberg 
and Berwald spaces can be broached in complex Finsler geometry. However, 
there are sensitive differences comparing to real reasonings, mainly on ac- 
count of the fact that in complex Finsler geometry there exist two different 
covariant derivative for the Cartan tensors, Cq k \ h and Cq k | ^. Such reason 
determined T. Aikou, [2], to request in the definition of a complex Berwald 
space, beside the natural condition Cq k 1^ = 0, the Kahler condition. 

Therefore, the same arguments will be taken into account in the defini- 
tion of a complex Landsberg space. Using some ideas from the real case, 
related to the Rund and Berwald connections, our aim in the present paper 
is to introduce and study the complex Landsberg spaces and some of their 
subclasses. 

We associate to the canonical nonlinear connection, with the local co- 

c 

efficients N l -:= djG\ two complex linear connections: one of Berwald type 

c B B c c c 

BY : = (iVj, L) k , 0, 0) and another of Rund type RT : = (JVj, L) k , lS jh , 0, 0). 
In the real Finsler space is Landsberg if the Berwald and Rund connec- 

tions coincide. But, in complex Finsler geometry the things are considerably 
more difficult because in general the BT and RT connections are not of (1, 0) 
- type. Moreover, in the complex case alongside of the horizontal covari- 
ant derivative, with respect to BT connection, we have its conjugate. Here, 

B c 

we speak of complex Landsberg space iff L* fe =L* fc and various characteriza- 
tions of Landsberg spaces are proved in Theorem 3.1. Further on we define 
the class of G - Landsberg spaces. It is in the class of complex Landsberg 
spaces with d k G l = 0. Theorem 3.2 reports on the necessary and sufficient 
conditions for a complex Finsler space to be a G - Landsberg space. A rein- 
forcement of the tensorial characterization for a G - Landsberg space gives 

rise to a subclass of G - Landsberg, namely strong Landsberg iff C b = 

If h | o 

and C B _ = 0. Other important properties of the strong Landsberg spaces 

jfh | 

are contained in Theorem 3.3. 

Because any Kahler space is a complex Landsberg space, the substitution 
of the Landsberg condition with the Kahler condition in the definition of the 
G - Landsberg spaces leads to another subclass of this, called us G - Kahler. 
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Inter alia in Theorem 3.4 we prove that it coincides with the category of 
complex Berwald spaces defined by Aikou in [2]. The strong Landsberg 
spaces are situated somewhere between complex Berwald spaces and G - 
Landsberg spaces. 

The complex Berwald spaces were introduced as a generalization of the 
real case, but in the particular context of Kahler. Therefore an unquestion- 
able extension of these, directly related on the BY connection, is called by us 

B 

generalized Berwald space. It is with the coefficients L l j k depending only on 
the position z. We give some characterizations for the generalized Berwald 
space, see Theorem 3.6. 

An intuitive scheme with the introduced classes of complex Finsler spaces 
is in the following figure. 




Figure 1: Inclusions 

The general theory on generalized Berwald spaces is completed by some 
special outcomes for the class of complex Finsler spaces with (a, (5) - metrics. 
We prove that the complex Berwald spaces under assumptions of generalized 
Berwald and weakly Kahler are complex Berwald, see Theorem 4.3. A class 
of complex Kropina spaces which are generalized Berwald is distinguished in 
Theorem 4.4. 

The organization of the paper is as follows. In §2, we recall some pre- 
liminary properties of the n - dimensional complex Finsler spaces, completed 
with some others needed for our aforementioned study. In §3, we prove the 
above mentioned Theorems and we estabilish interrelations among all classes 
of complex Finsler spaces. In section §4 we produced some family of complex 
Finsler spaces with (a, /3) - metrics which are generalized Berwald spaces and 
in particular, complex Berwald spaces. 
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2 Preliminaries 



In this section we will give some preliminaries about complex Finsler ge- 
ometry with Chern- Finsler, Berwald and Rund complex linear connections. 
We will set the basic notions (for more see [U [22] ) and we will prove some 
important properties of these connections. 

2.1 Complex Finsler spaces 

Let M be a n— dimensional complex manifold, z = (z k ) k= Y^ be the complex 
coordinates in a local chart. 

The complexified of the real tangent bundle TqM splits into the sum of 
holomorphic tangent bundle T'M and its conjugate T" M. The bundle T'M 
is itself a complex manifold and the local coordinates in a local chart will 
be denoted by u = (z k , 77 fc ) fc= x^;. These are changed into (z' k ,r] ,k ) k= i^ l by the 

rules z' k = z' k (z) and r]' k = ^frT} 1 . 

A complex Finsler space is a pair (M,F), where F : T'M — > IR + is a 
continuous function satisfying the conditions: 

i) L := F 2 is smooth on TM := T'M\{0}; 

ii) F(z, 77) > 0, the equality holds if and only if 77 = 0; 
Hi) F(z, Xrj) = \X\F(z, rj) for VA G C; 

iv) the Hermitian matrix {gq{z, rfj) is positive definite, where := 
is the fundamental metric tensor. Equivalently, it means that the indicatrix 
is strongly pseudo-convex. 

Consequently, from Hi) we have §^r] k = §^f] k = L, §p-/7 fc = = 

and L = g^rfff ' . 

Roughly speaking, the geometry of a complex Finsler space consists of 
the study of the geometric objects of the complex manifold T'M endowed 
with the Hermitian metric structure defined by gn. 

Therefore, the first step is to study sections of the complexified tangent 
bundle of T'M, which is decomposed in the sum TciT'M) = T'(T'M) © 
T"{T'M). Let VT'M C T'{T'M) be the vertical bundle, locally spanned by 
{■£jk}, and VT'M be its conjugate. 

At this point, the idea of complex nonlinear connection, briefly (an. a), 
is an instrument in 'linearization' of this geometry. A (c.n.c.) is a supple- 
mentary complex subbundle to VT'M in T'(T'M), i.e. T'(T'M) = HT'M © 
VT'M. The horizontal distribution H U T'M is locally spanned by {-^ = 
affc — -^fca^j}' wnere N£(z,r}) are the coefficients of the (c.n.c). The pair 
{$k '■= ~i^idk '■= g^fc} will be called the adapted frame of the {c.n.c.) which 
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obey to the change rules 5k = fpr^j an d <9& = ^wdj- By conjugation every- 
where we have obtained an adapted frame {S k ,d k } on T"(T'M). The dual 
adapted bases are {dz k ,Srj k } and {dz k , Sf] k }. 

Certainly, a main problem in this geometry is to determine a (c.n.c.) 
related only to the fundamental function of the complex Finsler space (M, F). 

The next step is the action of a derivative law D on the sections of 
Tc{T'M). A Hermitian connection D, of (1, 0)— type, which satisfies in addi- 
tion DjxY = JDxY, for all X horizontal vectors and J the natural complex 
structure of the manifold, is so called Chern-Finsler connection (cf. PQ), in 
brief C — F. The C — F connection is locally given by the following coefficients 
(cf. [22]): 



and Lj k = C-. k = 0, where here and further on 5k is the adapted frame of the 

C — F (c.n.c.) and Ds k 8j = L l - k 5i, F)g k dj = Cj k di, etc. The C — F connection 
is the main tool in this study. 

Denoting by " i " , " | " , "?' and "|", the h— , v—, h—, v— covariant 
derivatives with respect to C — F connection, respectively, it results 

V\k = V^ = V i \k = 0\ V% = Sl; (2.2) 

9ij\k = 9ij\k = 9ij\k = 9ij\k = 0- 

Now, we consider the complex Cartan tensors: Cfj k = dk9i] an d Cq k = 

dk9i~j- 

Lemma 2.1. For any complex Finsler space (M,F), we have 

V Cirh\k = (dhL\k)9ir\ 

H) Cifh\k = 0hL\k)9if + {d- h Ni)C m . 
Proof. Differentiating N % k gi f = j^rrf with respect to rf } gives 

L\k9if = - N l k C m . (2.3) 



Now, differentiating in (2.3) with respect to n h it results i), and with 
respect to f] h leads to ii). □ 

Let us recall that in pQ's terminology, the complex Finsler space (M,F) 
is strongly Kahler iff T l - k = 0, Kahler iff Tj k rf = and weakly Kahler iff 
9ifl 1 jkV''V = 0> where T l - k := L % - k — L l k -. In [TT] it is proved that strongly Kahler 
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and Kahler notions actually coincide. We notice that in the particular case 
of complex Finsler metrics which come from Hermitian metrics on M, so- 
called purely Hermitian metrics in [22], (i.e. gn = g^(z)), all those nuances 
of Kahler are same. 

On the other hand, as in Aikou's work [2], a complex Finsler space which 
is Kahler and U- k = L l - k (z) is named a complex Berwald space. 



2.2 Connections on complex Finsler spaces 

It is well known by [TJ 122] that the complex geodesies curves are defined by 
means of Chern-Finsler (an. a). Between complex spray and (c.n.c.) there 
exists an interdependence, one determining the other. In [22] it is proved 
that the Chern-Finsler (c.n.c.) does not generally come from a complex spray 
except when the complex metric is weakly Kahler. On the other hand, its 
local coefficients iV* = g mk ^^rf always determine a complex spray with 

c 

coefficients G % = \Njtf . Further, G % induce a (c.n.c.) denoted by Nh— djG 1 
and called canonical in [22] , where it is proved that it coincides with Chern- 
Finsler (c.n.c.) if and only if the complex Finsler metric is Kahler. Using 
canonical (c.n.c.) we associate to it the next complex linear connections: one 
of Berwald type 

BT := ^,4,:=4iVi=4,4 := ^^' ' 
and another of Rund type 

RT := (iVj,4:= 9fl + 8 S <7 fc l),4 : = ^A*S 9fl~ 4^),0,C)) , 

c c . . 

where 5^.= ~ N 3 k dj. RT is only h— metrical and BT is neither h— nor v— 
metrical, (for more details see [22\). Note that the spray coefficients perform 

c B c c 

2G { := Njrf =N] rf =L) k rfn k and 5j= 5j - (N k -N k )d k . 

c c c 

Moreover, in the Kahler case Sj= 5j, ([22J, p. 68) and hence, 6j g^ —5/- 

c c c 

g^ which contracted with g^ gives g^(Sj g k h~ 5 k gjh) = 0, that is £| = 

c 

0. By conjugation, it follows L % h -.= 0. Also, in the Kahler case we have 

c B 

^jk -^jk-^jk ■ 

Further on, everywhere in this paper the Berwald and Rund connections 

c B c 

will be specified by a super-index, like above (e.g. 5 k , L % - k1 L l - k1 X B , etc.), 
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while for the Chern-Finsler connection will keep the initial generic notation 
without super-index (e.g. 5 k , L^ k , X\ k , etc.). 

Lemma 2.2. For any complex Finsler space (M,F), the following hold: 

B 

i) U fk f] k = 0; 

B_ B_ 

ii) -C B = g B +g B + Lf h g m + Lf t g hih ; 

lfh\0 lr\h hf\l 

m) 2(d- h G i )g if = C _ B = C 0f - h \ Q ; 

Ofh | 

B . B 

iv) C _ B = d h (g _ B ) + (d h L\ k ) g fj + (d h Lf k ) g im ; 

ijh | k ij | k 

B B B B 

v ) C _-B = dfrlg B ) + (d^ L ik ) g^ + (d^ U? k ) gim+ Cqi~ L™ k Cq^, 

irh | k ij \ k 

B 

where i is h— covariant derivative with respect to BY connection. 
Proof, i) 4 t = Mr^ k = = dMCzNtv 1 )^} 



jk ' dr]idr) k 

2 ^ ny d k Nl)rff] k } = - 2 ^ 3[yky y dz i 
ii) G l = ^Nffi = \g mi ^pir"(f °(] k can be rewrite as follows 



G"* = i|f^. (2.4) 



Differentiating (2.4) with respect to if yields 

1 f dgif , dg kF \ ,.. 



^' f= te + ^)^ G ^ (2 ' 5) 



Differentiating (2.5) with respect to rj it results 



T B i _ 1 ( d 9ir dg hf \ l dCirh k ri( A r v °i r * ir 



(2.6) 

which leads to 

c c c c c B 

- (5 k Qr h )r} k + Nl C m + Nl dr h =5 h g lf + 5 t g hr - - 2 V u g if . (2.7) 

c B B_ 

Now, taking into account that g B =5h gif— L\ h g if — L™ h gim and i) it 

If | h 

results ii). 

iii) Differentiating (2.4) with respect to f\ h yields 

20- h G*)g tf = Nl n k C lfh . (2.8) 
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But, biCjfftf) = {diC^rf + C l9h = d- h {C rd rf) + C lsh = C lsh . Using ^ 

and Njrf —N l - rf we obtain 2(df l G l )g i f =5 k (C lfh Tf)r] k = 5 k (C lf j l r] l )r] k , which 
together with i) and the h - covariant derivative rule with respect to C — F 
connection gives iii). 

c B B 

iv) Using again g _ B =5 k gq— L\ k gq— L™ k g iffl , which differentiated with 

ij\k ' 3 

respect to rf 1 , gives 

ac- B c ■ ■ B B 

dh(g b ) = -qjt— L hk Cqi— N k (dhCfji) — (dh L ik ) gq— L ik Cq h 

ij | k 

B_ B_ 

~(dh LjjJ giffi— Lj k Cimh 

c B B B_ B B_ 

=&k Cq h — L hk Cfji— L ik Cq h — LJ^ Cifah — (dh L ik ) gq — (dh L™ k ) g ifh 

B . B 

= C _ b ~(d h L\ k ) g fj - (d h Lf k ) g ifn , that is iv). 

ijh | k 

For v) we compute 

BC B . B B 

dni.9 b ) = -Qjr- L kh Cqi - N k (diCfjh) - (<% L ik ) gq— L ik Cqi 

ij | k 

B_ B_ 

~{d~h Ljk) 9im~ ^f k Cipfh 

B B_ B_ B B_ 

= SkCf jh - L ik Cff h - L^ k Cfjfa- L^ k C m - h - L kh Cfji+ L^ k Cq^ 

B . B 

-0h L\ k ) gq - (d- h Lf k ) g irh 

B B_ B B 

= C b — Cfji+ L™ k Cfjfn — (d^ L ik ) gfj — (d^ L^ k ) g ifh . □ 

ijh | k 



3 The complex Landsberg spaces 

In real Finsler geometry the classes of Landsberg and Berwald spaces are 
related by Rund and Berwald connections, [5]. Namely, a real Finsler space 
is Landsberg if the Berwald and Rund connections coincide. Nevertheless, in 
complex Finsler geometry some differences appear. We will speak about of 
three kinds of complex spaces of Landsberg type. 

Definition 3.1. Let (M,F) be a n - dimensional complex Finsler space. 

B c 

(M,F) is called complex Landsberg space if L l j k =L l j k . 

We remark that any complex Finsler space which is Kahler is a Lands- 

c B 

berg space too, because if (M, F) is Kahler, then L^ k =L* fc =L* fc and so it is 
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Landsberg. Thus, the Kahler spaces offer a asset family of complex Lands- 
berg spaces. 

Theorem 3.1. Let (M, F) be an - dimensional complex Finsler space. Then 
the following assertions are equivalent: 

i) (M,F) is a complex Landsberg space; 

ii) C B = 0; 

Ifh | 

B B_ B_ 

Hi) 2{dh L l - k )g if — L™ k Cjmh— L™j Ckmh — C B + C b ; 

jrh | k krh \ j 

iv) g.B =U% - L%)g m . 

ij | k 

Proof, i) ii). A direct computation gives 



g _b + g b + L™ h g im + L% g hfh — 2(L\ h g if — L\ h g if ) 

lr\h hr\l 

which, together with Lemma 2.2 ii), get the proof, 
i) =>- iii). Because (M, F) is Landsberg we have 

B 1 c c 

L % jk 9ir — 9jr+ 8j gkr)- 

Differentiating it with respect to rf 1 yields iii). 

B 

iii) =>- ii). Contracting iii) with r\ k gives 2(dh L l - k )gi f r\ k = C B ■ On the 

J jfh | 

B 

other hand, (d h L % - k )g if r] k = 0. From here it results ii). 

c b B_ 

i) & iv). g b =5 k g fj - L\ k g fj - Lf k g ifh 

%3 I k 

c , B , c B R 

= g R + (L\ k - L l ik )g l j + (Lf k - Lf k )g im , where i is h- covariant deriva- 

ij\k j j 

tive with respect to RT connection. But, RT connection is h— metrical, 

c B c _ B_ 

therefore g B = [L\ k - L\ k )g fj - (Lf, - Lf k )g m , which justifies this equiva- 

ij I k J J 

lence. □ 

Definition 3.2. Let (M, F) be a n - dimensional complex Finsler space. 
(M, F) is called G - Landsberg space if it is Landsberg and the spray coeffi- 
cients G % are holomorphic in r\, i.e. d k G l = 0. 

Some immediately consequences follow below. 
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Proposition 3.1. If (M,F) is a G - Landsberg space then the connection 
BY is of (1, 0) - type. 

Corollary 3.1. G l are holomorphic in rj if and only if the connection BY is 
o/(l,0) - type. 

B 

Proposition 3.2. G l are holomorphic in ry if and only if L l - k depend only on 
z. 

Proof. If G l are holomorphic functions in rj, then d k G l = which leads to 

c _ B B 

®k ^h = an d more d k L l - h = 0. Hence, the functions L l - h are holomorphic in 

T], tOO. 

Now, we make a similar reasoning like that in [12], Proposition 1.1, but 

B 

for the 0— homogeneous functions L l - h in r]. We consider D £ : = {77 G T' Z M | 

B 

G(r),f]) < e 2 , e > 0} and we study the functions L l - h on the domain D £ \ Di. 
Because these functions are - homogeneous, their modulus achieve maxi- 
mum at an interior point of D £ \ D 1 . Thus, we can apply the strong maximum 

£ 

B 

principle which gives that the functions L l - h are constant with respect to r\ on 

B 

D £ \ Di. Now, making e — > 00 it results the functions L\ h depend on z only 

on T' Z M \ {0}. Under a change of the local coordinates (z l ,r] 1 ) into (z H ,r] n ), 

B B . B 

the functions L) h are modified by the rule Lf k = j£§fj§fk L r sq +^oS§^- 

B B 

It results that L'j k depend only on z, too. Thus, globally we have L l - k (z). 
b , B 

Conversely, if L l - k (z) then d k L) h = 0, which contracted by rfrf 1 complete 
the proof. □ 

b . B 

Corollary 3.2. L l - k depend only on z if and only if dk L l j h = 0. 

B , B 

Proof. It is obvious that L l - k depend only on z implies dk L l j h = 0. Conversely, 

B B B 

if dk L l - h = 0, by conjugation we have d k Ljh= 0, i.e. L 1 -.-^ are holomorphic in rj. 

B 

But, the functions L-.^ are also - homogeneous and so, by same arguments 

B 

as in the above Proposition it results that d\ Ll^— 0, and by conjugation 

B B 

d k Lj h — 0. Applying again above Proposition we obtain L l - k (z). □ 
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Theorem 3.2. Let (M, F) be an - dimensional complex Finsler space. Then 
the following assertions are equivalent: 
i) (M,F) is a G - Landsberg space; 

«; 4=4 (*); 

Hi) C B = and C _ B _ = 0; 

Ifh | jOh | o 

c 

raj g B =Lf g im and d h G l = 0. 

ij | k J 

v) C B +C B =0 andC _ B _ + C _ B _=0. 

jrh | k krh \ j rlh \ k rkh \ I 

Proof, i) ii) is obtained by Proposition 3.1. i) <^ iii) results by Lemma 
2.2 iii) and Theorem 3.1 ii). Under assumptions d^G 1 = 0, the equivalence i) 
<^ iv) from Theorem 3.1 gets the proof for i) <^ iv). 

i) =>• v) If (M, F) is a G - Landsberg space then by Lemma 2.2 ii) and v) 
we have g B + g b = and C _ B = d} L (g b )• So that 

lf\h hf\l lfh\k lr\k 

C _b + C _b = dh(g B + g b ) = and by conjugation it leads to 

Ifh | k kfh \l If | k kf \l 

C _ B _ + C _ B _ = 0. Now, using Lemma 2.2 iv) and Proposition 3.2 it 

rlh | k rkh \ I 

results C B + C B — 0. 

jrh | k kfh \ j 

v) =^ i) First, contracting with r\ k the identity C s +C B = it results 

jfh | k kfh | j 

C b = 0, i.e. the space is Landsberg. On the other hand the contraction by 

jfh | 

f] k ff of the identity C _ B _ + C _ B _ = gives 2C _ B _ = and by conjugation 

r«fc | k rkh \ I rOh \ 

it is 2C _ B = 0. But, by Lemma 2.2 iii) we have 2{dj l G l )gif = C _ B ■ From 
Ofh | o ■ Of h | o 

here we obtain d h G l = 0, which completes the proof. □ 

Now, having in mind the tensorial characterization iii) from Theorem 3.2 
for a G - Landsberg space, it give rise to another class of complex Landsberg 
spaces. 

Definition 3.3. Let (M, F) be a n - dimensional complex Finsler space. 
(M, F) is called a strong Landsberg space if C B = and C B _ = 0. 

Ifh | jfh | o 

Theorem 3.3. Let (M, F) be an - dimensional complex Finsler space. Then 
the following assertions are equivalent: 

i) (M,F) is a strong Landsberg space; 

ii) g B (z) and d h G % = 0; 

If | s 

iii) C B = and d h G l = 0; 

lfh\k 

iv) C B _ = 0. 

jrh | k 
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Proof, i) =>■ ii). If (M, F) is a strong Landsberg space, then by Theorem 3.2 
iii) it is G - Landsberg. Therefore, Lemma 2.2 iv) and v) become 

C b — dh(g _b ) and C _ B = d h (g B ), which contracted by r\ k implies 

ijh | k ij \ k Ifh \ k If \ k 

= d h {g_ B ) V k - = d- h (g B ) V k . (3.1) 

ij | k lr\k 



Differentiating the second equation of (3.1) with respect to r/ s , it yie lds 
= d h \d s {g B )rj k ] + d h (g B ). Now, using the first relation from (3.1) it 

if | k If | s 

results d h (g B ) = 0. Because g B are holomorphic with respect to r\ and 

If | s If I s 

homogeneous of zero degree, these give that g B depends on z only, i.e. 

If | s 

g b (z). 

lr | s 

Now, the conditions g B (z) and dj l G t = substituted into Lemma 2.2 

lf\s 

iv), gives C _ B = 0. So that, we have proved ii) =>■ iii). 

ijh | k 

To prove iii) =>■ iv) we use again Lemma 2.2 iv). Under assumptions iii), 
it is dh(g _b ) = and by conjugation d h (g B _) = 0. This means that g B _ is 

ij | k ji\k jt\k 

holomorphic in rj which together its - homogeneity implies g B _(z) and so 

jt \ k 

its conjugate g _ B depends on z only. Therefore, v) from Lemma 2.1 leads 

ij | k 

to C _b = 0, i.e. iv). 

Ifh | k 

The proof is complete if we show that iv) =^ i). Indeed, C _ B = implies 

Ifh | k 

C _ B = and d h G l = 0, by Lemma 2.1 iii). 

lfh\0 

Lemma 2.2 v) gives d h (g _ B ) = and so g b_(z). Thus, by Lemma 2.2 

ij | ft j% I ft 

iv) we obtain C B = 0, which contracted by r^ fc yilds C B = 0. So that 

if /i | ft ' if/i | o 

the space is strong Landsberg. □ 

Remark 3.1. By Theorem 3.2 iv) and Theorem 3.3 ii) it results that a 
n - dimensional complex Finsler space is strong Landsberg if and only if 

(Lf k g m )(z) andd h & = 0. 

Now recall that according to Aikou, [5], a complex Berwald space is a 
Finsler space which is Kahler and L l - k = L % - k {z). 

Having in the mind that any Kahler complex Finsler space is Landsberg, 
we can introduce another generalization for the G - Landsberg spaces. So, 
by replacing the Landsberg condition from definition of the G - Landsberg 
space with the Kahler condition we obtain: 
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Definition 3.4. Let (M, F) be a n - dimensional complex Finsler space. 
(M, F) is called G - Kahler space if it is Kahler and the spray coefficients G l 
are holomorphic in rj. 

Some necessary and sufficient conditions for G - Kahler spaces are con- 
tained in the next theorem. 

Theorem 3.4. Let (M, F) be an - dimensional complex Finsler space. Then 
the following assertions are equivalent: 
i) (M,F) is G - Kdhler; 

«) 4=4>- 

B 

Hi) L) k = L) k (z); 

iv) (M,F) is a complex Berwald space; 

v ) 9 _ s =0 and d- h G l = 0. 

ij | k 

c B 

Proof, i) ii). If (M, F) is G - Kahler then L 1 .^— and L\^— which imply 

Be Be ,c_ c c 

%= L fk ■ Conversely, if L\^—L\^ then d~ k N)= \g li {8- k g fl - 5 T g jk ) which 

c c c 

contracted by ff gives Y) k {b k g fl ) - (Sj g jk )f] k = 0. But, ff 5 k = fj k 5 k and 

c 

Of 9jk)v h = ^i9jk)f] k - So that, we obtain (5 k g fl - 5jg jk )f] k = 0. It implies 

c c 

that (M, F) is Kahler, as well as d k N l -= 0. The contraction of d k N l -= by 
rf gives d k G % = 0, i.e. G l does not depend on fj k . 

c B 

Taking into account (M,F) is Kahler if and only if L l - k =L % - k =L l - k1 and 
using Propositions 3.2, it follows the proof for i) <^ iii) and i) <^ iv). 

i) v). It is obvious that if (M, F) is G - Kahler then g _ B = g^ k = 0. 

ij I k 

B _ c B B 

Conversely, if g _ B =0 and d~ h G l = 0, then L l jk = g~ h (5 k g jr ). But, U- k =L\- 

ij | k 

c c c c 

which implies 5k gjj —Sj g kl as well as (5 k gfl)i] k — ($j 9ki) r l k i- e - Kahler. □ 
An immediately consequence of above Theorem follows. 

Proposition 3.3. (M, F) is a complex Berwald space if and only if the con- 
nections BY and RT are of (1,0) - type. 

Lemma 3.1. For any complex Finsler space (M,F), Ci f h\k — if and only 
Clfh\k — 0- 
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Proof. If Cifh\k = 0, then Lemma 2.1 i) induces dhL\ k = and its conjugated 
djJJj^ = 0. This means that are holomorphic in rj, which together with 
their - homogeneity gives Lj k (z). Thus, by Lemma 2.1 ii) it results C ifh \ k = 
0. Conversely, if C lfh i k = then ii) from Lemma 2.1 become (%i^.)<7 if + 
(dhNl)Cifi = 0. It contracted by rf gives d^N^ = and so, d~ h L\ k = which 
implies L % - k {z). Now, using i) from Lemma 2.1, we obtain Ci f h\k = 0. □ 

We note that C Wh \r. = or Cifh\k = implies djfi 1 = 0, but the converse 
is not true. djfl 1 = together with the Kahler condition gives C;f/j|fc — or 
Cifh\k — 0. Therefore, some tensorial characterizations for complex Berwald 
spaces are contained in the next theorem. 

Theorem 3.5. (M, F) is a complex Berwald space if and only if it is Kahler 
and either C lfh \ k = or Cifh\k = 0. 

In the remainder of this section we return to the notion of the real Berwald 
space, [9]. It is a real Finsler space for which the coefficients of the (real) 
Berwald connection depend only on the position. Our problem is to see 
whether there exist a corespondent of this real assertion in complex Finsler 

B 

spaces. Taking into account Theorem 3.4 we have U- k (z), for any complex 
Berwald space. Nevertheless the converse is not true, will see below there are 

B 

complex Finsler spaces with L l - k depending only on z which are not Berwald. 
Therefore, it comes into view another class of complex Finsler spaces. 

Definition 3.5. Let (M, F) be a n - dimensional complex Finsler space. 
(M, F) is called generalized Berwald if the Berwald connection coefficients 

B 

L l - k depend only on the position z. 

Using Corollary 3.1 and Proposition 3.2, we have proved the following, 

Theorem 3.6. Let (M, F) be an - dimensional complex Finsler space. Then 
the following assertions are equivalent: 

i) (M,F) is generalized Berwald; 

ii) G % are holomorphic in r\\ 
Hi) BY is of (1,0) - type. 

Corollary 3.3. If (M, F) is a complex Finsler space with the C — F coeffi- 
cients L l - k depending only on z, then the space is generalized Berwald. 

Proof. We have d^L^ = 0, which contracted by nfr\ k gives d^G 1 = 0. □ 
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An example of generalized Berwald space is given by the complex version 
of Antonelli - Shimada metric 



F 2 S = L AS (z, w; V , 9) := e 2 ° (M 4 + \9\ A ) 5 , with 77, 9± 0, (3.2) 

on a domain D from T'M, dime M = 2, such that its metric tensor is non- 
degenerated. We relabeled the local coordinates z 1 , z 2 , 77 1 , rf as z, w,r/, 9, 
respectively. a(z,w) is a real valued function and |7f | 2 := rff] 1 , rf e {??,#}, 
([22]). A direct computation leads to 

■^ZZ ^WZ " Q ' ZU1 ^WW " 1 

which depend only on z and w. 

Summing up all the results proved above we have the inclusions from Fig. 

1. 

The intersection between the set of Landsberg spaces and those of the 
generalized Berwald spaces gives the class of G - Landsberg spaces. 

Trivial examples of such spaces are given by the purely Hermitian and 
local Minkowski manifolds. In the next section we came with some nice 
families of generalized Berwald spaces. 



4 Generalized Berwald spaces with (a, 0) - 
metrics 

We consider z G M, r] E T' Z M, r\ = rf^, a := aq(z)dz % ® dz^ a purely 
Hermitian metric and b = bi(z)dz l a differential (1,0)— form. By these 
objects we have defined (for more details see [3j E]) the complex (a, p) — 
metric F on T'M 

F(z,rj):=F(a(z,rj),\P(z,rj)\), (4.3) 

where 

oc(z,v) '■= y ^ij(z)v if j j an d 0( z ,v) = h{z)rf. (4.4) 

Let us recall that the coefficients of the C — F connection corresponding 
to the purely Hermitian metric a are 

a q _ a _ a 

N k. = a^ k ^f V l ; L%:= a li (8 k a fi ) ; C) k = 
and we consider the settings 

6*:=^% ; \\b\\ 2 := a ] %bj ; b l :=b\ (4.5) 
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Lemma 4.1. J&j/ Let (M, F) be a complex Finsler space with (a, (5)— metrics 
<9|/3| 2 " 2 Ba 2 

which satisfy — . = \ \b\\ The following statements are equivalent: 

i) \\b\\% r ^v m = {3b m b r ^; 

Bz l OZ L 

n)\\b\f^ = f^ 

in) h^fT = 
J dz 1 ' dz 1 ' 

f Bh- a \ Bh- a a 

™) P -rrirfrf - 2b t G l + /3^rfV = 0, where G l := \ N\ rf . 

\ oz l ) oz l J 



Proposition 4.1. J3J/ Let (M,F) be a complex Finsler space with (a, (3) — 
metrics. If = \\b\\ 2 ^r an d one of the equivalent conditions from Lemma 

a 

4-1 holds, then Nj =Nj ■ Moreover, if a is Kahler, then F is Kahler. 
Theorem 4.1. Let (M,F) be a complex Finsler space with (a,/?)— metrics. 

tf^dz^~ = ll^ll 2 f^ an< ^ one °fth e equivalent conditions from Lemma 4-1 holds, 
then the space is generalized Berwald. Moreover if a is Kahler then the space 
is Berwald. 

Proof. By Proposition 4.1 we have G % = a mk '^^rfv^ which is holomorphic 
in rj, i.e. the space is generalized Berwald. Adding the Kahler property for 
afj then the space becomes one complex Berwald. □ 

Further on, we asunder focus on two classes of complex (a, /?)— metrics, 
namely the complex Randers metrics F := a+ \/3\ and the complex Kropina 
metrics F := jg, \0\ ^ 0. 

4.1 Complex Randers metric F := a + \/3\ 
For the complex Randers metric F := a + we have, ([!]) 

Brf 2a 1 ' Brf 2|/3| 1 ' Vt ' drf a l+ \/3\ u 1 ' 

^ - + 7 \; r Bzi W dz^ + 2\fi\ k BzJ ' 

where k fi := 2aa ji + gHifegM ^^ _ ^b i b r - ^(/3r ] i b r + ffiff), 7 := 
L + a 2 (||6|| 2 — 1), := firf + a 2 b l and so, the spray coefficients are 

U U + 2 7 \ r dzi WBz^ J ^ + Bzi V ' 1 > 

Moreover, for the weakly Kahler complex Randers spaces we have proven. 
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Proposition 4.2. ([\]) A complex Randers space (M, F) is weakly Kdhler if 
and only if 



a 2 |ll \ M\b\\ 2 + \P\ db m - (db, _ 
7 5 [ P \p\ dz r 1 P \dz l dz 



dz" 



v r c k 



— a 



db- \ db- 

tPFu + otb^ff + 2\B\a lf T%^ ) rf + ab k ^fTv r = 0, (4.8) 



dz r 



where Cj := Cf hk g hk = 5 - rLbA with 5 := - 



l„rkf da kp 9a i] 



„2||f 1 ||2_|o|2 
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n\P\ pf ._ 
2F ' jt 



(96; 0bi 



^a' n { dz Y gjt) and Fu :— 8 ., ,,./ 



Theorem 4.2. Let (M,F) be a connected complex Randers space. Then, 
(M, F) zs a generalized Berwald space if and only if (filf^j + l3^V r )v^ = 0- 



B 



Proof. If (M, F) is generalized Berwald then 2G % —L^ k (z) i]^i] k , which means 



that G l is quadratic in 77. Thus, using (4.7) we have 



a\P\{ - P[{a 2 \\b\\ 2 + \(3\ 2 )a H + H&HW - a 2 b r b l - (BrfV - 0i] r }§fV j 



+4|/3| 2 (G<- G 1 )} + |/3| 2 [2(a 2 ||6|| 2 + |/3| 2 )(G i - &) - 2« 2 /3a«|fV 

-w i S + PjfcrWif - w^ l S - pfbTW^ = °> 

which contains an irrational part and another rational one. Thus, we obtain 

dh- 

(3 [(a 2 \\b\\ 2 + |/3| 2 )a" + ||6|rW - & 2 b r b l - /3rfb r - (Bb 1 ^] ^rf 
= 4|/3| 2 (G 4 - G l ) and 

[P r dz> + P dz^ )VV + |/3| 2 [P r dzJ P dz^ )V ° + a 1 dz* V 
= 2(a 2 ||6|| 2 + |/3| 2 )(G l -G i ). 
Theirs contractions by 6; and U yield 

{G i — G% = 0; (4.9) 



/3(a 5 



2 + W)l^rf-P{o?^ 2 



a — db- 

A\B\ 2 {& -G% + 2(3a 2 (\\b\\ 2 V r ~ W)^f 

\B\ 2 )^r ] W+2a 2 \B\ 2 b^ 



[a 



2111.112 



db r 



, dbf 



+ \^)(G*-G% + a 2 m— + ^ff)rf = 
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Adding the second and the third relations from (4.9), we obtain 
4|/3| 2 (G* -G% + (a 2 ||6|| 2 + |/3| 2 )(^-g + /3feV = 0. 



This together with the fourth equation from (4.9) implies (G % —G l )li = 

0. 



and (/3/ f g + /3f|rrV 



Conversely, if (Plf^j + P^jrf) 7 !^ 1 = 0> D Y derivation with respect to 

dzi 



we deduce (Z f f^j&m + P%^ ) 7 7"' = 0- The last two relations give 



;db. 



P db f _ 



dzi 



rftfrj 3 and b 



dzi 



2 P d b f-r j 

rj r] J , 



\/3\ 2 dzi 



which substituted into (4.7) imply G % =G l and so, G l are holomorphic in rj, 
i.e. the space is generalized Berwald. □ 

Theorem 4.3. Let (M, F) be a connected complex Randers space. Then, 
(M, F) is a complex Berwald space if and only if it is in the same time 
generalized Berwald and weakly Kahler. 

Proof. If (M, F) is Berwald then it is obvious that the space is generalized 
Berwald and weakly Kahler. 

Now, we prove the converse. On the one hand, if the space is generalized 
Berwald, by Theorem 4.2, it results (plf^j + P^V 7 ) 1 !'' = 0> which can be 
rewritten as 

' dbi n „, °A „dbf, 



P 



dz 



,77V -26, G J +P-^V'rr 



0. 



Moreover, (4.10) implies 



2k G l )+\P\ 2 b mdbfh ~ l 



rf = 0. 



(4.10) 



(4.11) 



\dz 1 ' '' """ " 7 ' " dz l 
On the second hand, the space is supposed weakly Kahler. Therefore, 



(|4.10|) and (|4.1lD substituted into lead to 

dbf 



db 



a 2 [ pF klV l + P-^ff - b^ffrf ) + 2a\fi\a lf T%ff> = 



' dz 1 



(4.12) 



which contains two parts: the first is rational and the second is irrational. It 
results 

db- db- 

PF klV l + P^fj r - b k ^f] m V l = and a lf T%rf = 0. (4.13) 



dz k 



dz 1 



The second condition from (4.13) gives the Kahler property for a. Thus, 
deriving (4.10) with respect to rj k it follows 



u db r-r i 



a dbf _ r 



. dbi db k 
>{ dz^ + ~dz 1 



V l + 2PkN l k . 



(4.14) 
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Now, (4.14) together with the first condition from (4.13) implies 

, db f 



az K 







and from here results its derivative with respect to rf 

0. 



7 db \ , n dh ™ 



dz k 



dz k 



Moreover, (4.15) and (4.16) imply 



.„• dbf, 



dz k \6\ 2 dz k 



8 dbr _ . -db 
rfb and b 



dz k 



2 P db f - T 
\(3\ 2 dz kV 



Plugging (4.15) and (4.17) into (4.6), we obtain N) =N) and so, L 



(4.15) 



(4.16) 



(4.17) 



-T i - 



jjk= L l j k , i.e. the Randers space is Kahler which proves our claim. 



□ 



2 

4.2 Complex Kropina metric F := n>r, \/3\ ^ 



For the complex Kropina metric F : 
1 . d\0\ P 



^ 0, we have, ([6]) 



da 
drf 



N] 



2a k dq* 2\p-\ bl] Vi drf 
g 2 B n db f 
2 dz3' 



2q 2 h - q 4 



q :-- 



a 

W\ 



;(4.18) 



3 \p\*'dzi' 



where t r 
are 



2-q 2 



G l =G l 



-rfrf' + -nL ((3rfb r — (3b l rj r ) and so, the spray coefficients 



P t db r 



q 2 p dbf 



2\P\ 2 " T dz^ V i ' ih> 



rf 



(4.19) 



Proposition 4.3. Let (M,F) be a connected complex Kropina space. Then, 
G i =G i if and only if (^-g + P^ff)rf = 0. 



Proof. Using (4.19), we have 

4|/3| 2 (G' -G% = 2a\p\ f % + p^)rf + a 4 ^r?(b f 



I/3I 2 



2 if) and 



4|/3| 2 (C? -G% = 2/3(^ r -g + pfeffW + 2a 2 p^rf(¥ - ^||6||V)- 



{(31 



Thus, if G i =G { then (plf^j + P^jV r )v j - Conversely, the assumption 



■■,),, + P§jV r )v j = implies ti'-ffiy 



db f 



mi dbf^ ■] 



' dzi 



rj r b i r] j and b m ^rj j 



2 \m^lV r V j , which substituted into (|4.19p it results G i =G\ 



□ 



19 



Theorem 4.4. If(M, F) is a connected complex Kropina space with property 

db r I a dbr , 
; dzi ^ r dzi 



(ftlfWj + fi^tj'rf) r f = 0, then it is generalized Berwald. 



Proof. Indeed, by Proposition 4.3 we have G % =G l which gives d^G 1 = 0. □ 
Proposition 4.4. Let (M,F) be a connected complex Kropina space. Then, 
N] =N] if and only if + ^ff = 0. 



Proof. Taking into account (4.18), we obtain 

2\^{N) -N))k = 2a 2 (^/ f g + ) + a^{V - rL\\b\\ 2 rf) and 



a 



2|/3| 2 (ATj -An)6, = 2/5(^fg + /3|^770 +2« 2 /3||f (6^- ^||&|| 2 77-), which 

_ a 

give f3lf^j + /3^jV r = 0, under assumption Nj =N i j . 

Conversely, if /3/ r -g + fi^f? = then a mi f^ = and b m ^ = 



2 A0^ r , which together (|4.18|) lead to N] =N). □ 



Theorem 4.5. Let (M, F) be a connected complex Kropina space. If a is 
Kdhler and plf^j + fi^jrf = 0; then the space is Berwald. 



a 



Proof. By Proposition 4.4 we have N l - =N l - and so, dj t G l = 0, i.e. the space 
is generalized Berwald. But a is supposed Kahler, therefore it results that 
F is also Kahler. The proof is complete. □ 



Certainly, as it is expected, our study is far from being complete. Here 
we tried to point out some classes of complex Finsler spaces with special 
properties for Cartan tensors, having in mind an analogy with the real case. 
There is not enough space here to prove with other examples that our classi- 
fication of these complex Finsler spaces is proper. Otherwise, we don't have 
at hand too many examples of complex Finsler spaces, in fact the study of 
these spaces could be considered rather at a first stage. It is our goal to 
look for other significant examples from the new class of complex Randers 
spaces, |U[12], in particular for two dimensional case, recently studied by us. 
Keeping in mind that in the real case the relations between Landsberg and 
Berwald spaces give rise to some questions which had been open for a long 
time ( [T3l [271 02]), it is possible that the same takes place for our setting. 
However, from our point of view this classification seems natural. 
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